SEPARATING FAMILIES AND ORDER DIMENSION OF 
TURING DEGREES 


ASHUTOSH KUMAR AND DILIP RAGHAVAN 


ABSTRACT. We study families of functions and linear orders which separate 
countable subsets of the continuum from points. As an application, we show 
that the order dimension of the Turing degrees, denoted dimy, cannot be de- 
cided in ZFC. We also provide a combinatorial description of dimy and show 
that the Turing degrees have the largest order dimension among all locally 
countable partial orders of size continuum. Finally, we prove that it is con- 
sistent that the number of linear orders needed to separate countable subsets 
of the continuum from points is strictly smaller than the number of functions 
necessary for separating them. 


1. INTRODUCTION 
The order dimension of a partial order was defined by Dushnik and Miller [3]. 


Definition 1.1 ({3]). Suppose (P, <) is a partial order. The order dimension of 
P, denoted odim(P), is the least k such that there exists (<;: i < K) such that each 
<; is a linear order on P that extends < and for every a,b € P, if a £ b, then for 
somet<k, bx; a. 


Equivalently, the order dimension of (P, <} is the minimal « such that there is a 
sequence (<; : i € K) of partial orders on P extending < such that for any x,y € P, 
if x £ y, then y x; x, for some i € k. Dushnik and Miller [3] showed that the 
order dimension of (P, <} is also the minimal « such that (P, <} can be embedded 
into a product of & many linear orders (with the coordinate-wise ordering on the 
product). In this paper, we will mostly deal with partial orders of size continuum 
which have the property that every element has only countably many predecessors. 


Definition 1.2. A partial order (P, <) is said to be locally countable if for every 
x E€ P, {ye P:yx x} is countable. 


The reason for this restriction is that this work arose out of our attempt to resolve 
some of the questions left open in a recent paper of Higuchi, Lempp, Raghavan, 
and Stephan [7], who investigated the order dimension of the Turing degrees. Let D 
denote the collection of Turing degrees and let <y be the partial ordering of Turing 
reducibility. Note that (D, <r) is a locally countable partial order of size c, where 
c denotes 2%°. The cardinal invariant dimy = odim((D, <)) was introduced in [7] 
where it was observed that Nı < dimp < c. It was also proved in [7] that if c = «* 
where « is a cardinal of uncountable cofinality, then the order dimension of every 
locally countable partial order of size ¢ is < «. This implies that if dimy = ¢ > Xj, 
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then either ¢ is a limit cardinal or it is the successor of a cardinal of countable 
cofinality. In particular, if c < No, then dimp = Nı. They also left open the 
possibility that dimy = Nı in ZFC. 


Question 1.3 ([7]). Does ZFC decide the order dimension of the Turing degrees 
(D, <T) E 


In this paper, we provide a strong negative answer to Question [1.3] by showing, 
among other things, that each of the following is consistent: 


(1) Xi < dimp < c; 

(2) dimp =c = Na; 

(3) dimp = ¢ = Nya. 
One of the original motivations behind investigating the order dimension of Turing 
degrees was the following question of Sacks [II]: Must every locally countable par- 
tial order of size continuum embed into the Turing degrees? Sacks showed that the 
answer is yes under the continuum hypothesis. In [6], Groszek and Slaman showed 
that a positive answer to Sacks’ question cannot be established via “extensions of 
embedding” by constructing a model of c > Ny where there is a maximal Turing 
independent set of size X;. A plausible way of showing a consistent negative answer 
to Sacks’ question could have been to find a model of set theory where the order 
dimension of the Turing degrees is strictly smaller than the order dimension of some 
locally countable partial order of size continuum. We show here that this approach 
fails by proving that among all locally countable partial orders of size continuum, 
the Turing degrees have the largest order dimension. 

The cardinal dimy turns out to have a simple combinatorial description. In 
fact, the order dimension of (D, <r) is equal to the order dimension of one of its 
suborders which lacks chains of length 3. This two-layered partial order, which 
we denote H., was first defined by Higuchi in [7]. Higuchi, Lempp, Raghavan, 
and Stephan essentially established (see Lemma 3.7 in [7] and Lemmas and 
below) that H. has the largest order dimension among all locally countable 
partial orders of size c. In Section |2| we show that H. embeds into the Turing 
degrees, proving that dimy is equal to the order dimension of H., and hence that 
the Turing degrees also have maximal order dimension among all locally countable 
partial orders of size c. 

The cardinal dimy is closely connected to various types of separating families. 
The notion of a family of objects of a certain type which separates sets from points 
or from other sets is familiar from topology where one asks, for instance, whether 
any two disjoint closed sets can be separated by a continuous function. In the 
combinatorial context of order dimension, the relevant notion is that of separating 
points from countable sets using linear orders. A family F of functions from a set 
X into {0,1} separates all members of a family C of subsets of X from points if 
for each B € C and z € X \ B, there is a member of F that is constantly 0 on B, 
while sending x to 1. It is well-known that there is always a countable family of 
functions from R into {0,1} separating finite sets from points. It is more intricate 
to separate countable subsets of R from points using functions. It was proved in [7] 
that if cf(k) > w and c = «7, then there is a family of at most x many functions 
from R into {0,1} which separates countable sets from points. Observe that every 
f :R— {0,1} induces a linear order on R that puts all members of f~!({0}) before 
any member of f~!({1}). If F is a family of functions from R into {0,1} which 
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separates countable sets from points, then the family of linear orders on R induced 
in this manner by the members of F also separates countable sets from points in 
the sense that for every countable B C R and z € R \ B, there is a linear order 
in the family which puts x above every member of B. It was essentially noted in 
that if there is a family of 0 many linear orders on R which separates countable 
sets from points in this sense, then the order dimension of any locally countable 
partial order of size c is at most 0. The results in Section [2] below show that dim is 
precisely the minimal number of linear orders on R required to separate countable 
subsets of R from points in this sense, which is a purely combinatorial property 
of the cardinal c. A noteworthy result from Section [5] is that it is fundamentally 
easier to separate countable subsets of R from points using linear orders than it 
is to separate them via functions. For instance, after adding N3 Cohen reals to a 
model of GCH, there is a family of 8; many linear orders on R separating countable 
sets from points, but there is no such family of functions from R into {0,1} having 
size N,. We also show in Section [5] that after adding N4 Cohen reals to a model of 
GCH, there is no family of 8; many linear orders on R separating countable sets 
from points. 

Note that (D, <r) is o-directed, meaning that every countable subset of D has a 
<r-upper bound in D. The following question about o-directed locally countable 
partial orders was raised in [7]. 


Question 1.4. In ZFC, is there any o-directed locally countable partial order H 
such that odim(H) = X; and |H| = c? 


We show in Section [6] that the answer is no: Consistently, there is no locally 
countable partial order of size continuum and order dimension N; in which every 
countable set has an upper bound. 

Notation: Cohen, denotes the forcing for adding k Cohen reals. For a set X, 
Random x is the measure algebra on 2* equipped with the usual product measure 
which we denote by ux. If X = 0), we interpret (2*, ux) as the measure space with 
one point of measure one. 


2. A PARTIAL ORDER INSIDE THE TURING DEGREES 


This section provides a combinatorial description of dimy (Corollary |2.11). The 
following poset was introduced by Higuchi. 


Definition 2.1. Let H,, be the partial order consisting of KU[K]<*° with the ordering 
a<B iffaen, Bek andae B. 


Theorem 2.2. H. embeds into the Turing degrees. 


It follows that the order dimension of the Turing degrees is at least that of H.. 
Lemma [2.10] will show that they are in fact equal. For the proof of Theorem [2.2 
we’ll make use of the following perfect set version of the exact pair theorem of 
Spector. Since we couldn’t find a reference in the literature, we include a proof. 


Lemma 2.3. Suppose (an : n < w) is <p-increasing. Put I = {z : (An)(z <r an) }. 
Then there is a perfect set P C 2” such that for any x Ay in P, x and y form an 
exact pair for T, ie., {2:2<raANz<ry}=T. 


Proof. Let A = ®@ncwan = {(n,m) :m E an}. Let P be the forcing whose condi- 
tions are p = (po : o € *2) where 
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e K=K, <w. 
e For every o € *2, po : K x w > 2 and o £7 implies po F pr. 
e {(n,m) € dom(p,) : po(n, m) Æ 1,4(n,m)} is finite. 
For p,q € P, p < q iff Kp > K; and for every o € *?2, po | (Kq X w) = qr where 
T=0 | Ky. 


Claim 2.4. There is a countable family F of dense subsets of P such that if G is 
a P-generic filter over F, then P = {x € 2%” : (Jy € 2 )(YK < w)(Sp € G)(Kp = 
K ^ pyre C £)} is as required. 


Proof. Let F consist of the following. 
(a) For k < w, Dp = {p E€ P : Kp > k} 
(b) (Splitting) For every pair of Turing functionals ®, UV and K < w, Daw.x is 
the set of all p € P such that K, > K and for every o,r in “»2, for every 
x,y E 2X9 ifo | K Ar} K, ps Cx and p, C y, and if ®(x), Y(y) both 
converge and are equal to say z, then z <r ag,- 
It is easy to see that each D, is dense in P. Next suppose ®,W are Turing 
functionals, K < w and q € P. We’ll construct p < q such that p € De, x. By 
extending q, we can assume that K4 > K. 


Subclaim 2.5. There exists {ro : o € 22} such that the following hold. 
(i) Each ro is a partial function from w x w to 2 such that ro extends qo and 
To \ qo is finite. 
(ii) For every o #7 in 22, x(ro,r+) holds where 
x(r,s): For every x,y E€ ®%®2, ifr C x, s C y, B(x) and (y) both 
converge and are equal to z, then z <T ax,. 


Proof. First note that if *(r, s) holds and r’, s’ extend r, s respectively, then *(r’, s’) 
holds as well, so we can construct {ro : o € ¥42} one step at a time. Fix o #7 in 
Ka and suppose r,s are partial functions from w x w to 2 such that po C r, pr C s 
and r \ Po, $ \ pr are finite. If there are z, y E€ “*“2 such that r C x, s C y and on 
some input n < w, both @(x)(n) and ¥(y)(n) converge and give different outputs, 
then we extend r to rı C x and s to sı C y by finite amounts such that they contain 
the use of these disagreeing computations of ®(x)(n) and Y(y)(n). Let us say we 
forced a disagreement if we did manage to find such x,y. If there are no such z, y, 
we set rı = r and sı = s. We claim that *(r1, 51) holds. Note that this is clear if 
we did force a disagreement. So assume no disagreement could be forced over r, s. 
Observe that, in this case, for every x, x’, y,y’ and n < w where x, x’ extend r and 
y, y' extend s, if ®(x)(n), ®(2’)(n), U(y)(n), U(y’)(n) all converge, then they must 
all be equal. Hence if x, y extend r,s respectively and (x), U(y) both converge to 
z, then z can be computed from r — On input n, look for some rı that extends r 
by finitely many points such that ®(r,)(n) converges and output this value. 


Let {ro : o € $42} be as in Subclaim [2.5] Choose p < q such that K, > K; is 
large enough so that K, xw contains the domain of every member of {ro : o € %12}. 
For each ø € *”2, choose po extending ro such that p,’s are pairwise distinct and 
each po differs from 14 | Kp x w on a finite set. It is clear that p E€ Dav, K- 


Let G be a filter on P that meets every set in F. Then it is easy to check that 
G is as required. This completes the proof of Lemma [2.3] 
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Proof of Theorem|2.2| Let {ce : € < c} be a Turing independent set of reals. This 
means that for every finite F C c and n € c \ F, the join of {ce : € € F} does 
not compute cy. Let (X; : i < c) list [c]8°. For each i < c, fix a perfect set P; of 
exact pairs for the Turing ideal generated by {ce : € € X;}. Inductively construct 
(Wi, Yj, yj) : i,j < c, j limit) such that the following hold. 

(i) W; is a subset of c of order type i. 

(ii) i < j < c implies W; C W; and ~ < min(W; \ W3). 

(iii) j < c limit implies W; = Ü<; W. 
(iv) j < c limit implies Y; € [W,]*°. 
(v) For every i < c, for every X € [W;]*°, there exists j < ¢ such that Y; = X. 
(vi) yj E Fag where Xi) = Yj. 
(vii) j < j’ < c limit implies y;, y; are Turing incomparable. 
(viii) For every j < c limit and € € U;-, Wi, if ce <r yj, then € € Yj. 


At a successor stage i+ 1, we just add some € < ¢ to W;41 such that € is above 
sup(W;) and no yj computes ce for j < i limit. This can be done because a 
y; computes only countably many c¢’s. At a limit stage j < c, we denne 2 
as follows. Let p < c be least such that X;, C W; and there is no j’ < j ie 
such that Y; = X;,. Put Y; = Xj, and choose y; € Pj, such that y; is Turing 
incomparable with every mber of {yx : k < j limit} and y; does not compute 
any member of {ce : € € W; \ Yj}. This can be done because no two members of 
P;, can compute the same member of {ce : € € W; \ Yj} U {yx : k < j limit}. Note 
that this also takes care of clause (v). 

Put W = Uice Wi, C = {ce : € € W}. For each X € [W], choose j < c 
such that Y; = X and put yx = y;. Fix T € [W]®° and put S = W \ T. Define 
f: SU[S]S%° — 2” as follows. 

(a) If€ € S, then f(E) = ce. 
(b) If X € [S], then f(X) = yxur)- 
It is easy to see that f witnesses that H. embeds into the Turing degrees. 


The proof of Theorem made essential use of of the fact that {c; : i < c} 
was Turing independent. The embedding of H. given there doesn’t necessarily send 
[c] S° to a Turing independent set. So we can ask the following. 


Question 2.6. Does H? embed into the Turing degrees? Here, HÊ is the partial 
order whose domain is c O [c] >? u [[e]S¥°]S*°, with the ordering < defined by x < y 
iff one of the following holds. 

(a) xE c, y € [J and z € y. 

(b) x € [g®, y e [[c]S8o]S8o and z € y. 

(c) xE c, y € [[cJS¥o]S%° and for some z € [d], x € z and z € y. 


Definition 2.7. For infinite cardinals 0 and K, x(0, K) is the following statement: 
For every sequence (<;: i < 6) of linear orders on K, there exist X,a such that 
X € [k], ac k\X and for every i < 0, there exists B € X such that a <; B. 


Note that the failure of «(@,«) says that there is a family of at most 0 many 
linear orders on « separating points from countable sets. It was essentially shown 
by Higuchi, Lempp, Raghavan, and Stephan in [7] that the failure of «(6, «) implies 
that the dimension of every locally countable partial order of size « is at most 0. 
More precisely, the next lemma follows from the proof of Lemma 3.7 of [7]. 
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Lemma 2.8 (Higuchi, Lempp, Raghavan, and Stephan). Let « and @ be infinite 
cardinals. Let (P,~<) be any locally countable partial order with |P| = k. If x(0,«) 
fails, then the dimension of (P, <) is at most 8. 


Proof. Suppose *(0, x) fails. Fix a locally countable partial order (P, <) with |P| = 
k. By hypothesis, we can find a sequence (<; : i < 0) of linear orders on P with 
the property that for any B € [P~ and any x € P \ B, there is į < 0 such that 
y <i x, for all y € B. For any i < 0, let R; be defined as follows: for x,y € P, 
y Ri x if and only if du < Wv < y [v <; u]. Define <; as follows: for any x,y € P, 
x <i y if and only if either x < y or x Riy. It is not difficult to verify that each <; 
is a partial order on P extending <. Thus {~<; : i < 6} is a collection of at most 
0 many partial orders on P extending <. Now consider any x,y € P and suppose 
x y. Let A = {v € P : v < y}. Since (P, <) is locally countable, A is countable, 
though it need not be an infinite set. However since |P| = « is an infinite cardinal 
and since A C P \ {x}, it is possible to find B € [P \ {x}? with A C B. There is 
i < 0 so that v <; x, for all v € B. By definition of Ri, y Rix and so y <; x. It now 
follows that the order dimension of (P, <} is at most 0. 


The following lemma provides a combinatorial description of odim(H,,). 


Lemma 2.9 (Higuchi, Lempp, Raghavan, and Stephan). Let k and @ be infinite 
cardinals. Then the following are equivalent: 


(1) The order dimension of H, is at most 0; 
(2) *(6,«) fails. 


Proof. The proof of (2) == (1) is very similar to the argument for Lemma [2.8] 
To prove (1) => (2), fix a sequence of linear orders (<; : i < 0) witnessing that 
the order dimension of H, is at most 8. For each į < 6, define <; = x; N (K X K). 
Then <; is a linear order on x. If B € [«]®° and a € « \ B, then a is not below B 
in H,, and so B <x; a for some i < 0. For any 6 € B, 6 <; B <; a, whence 8 <; a. 
Therefore (<; : i < 0) is a witness to the failure of x(0, K). 


An easy corollary is that ccc forcings do not increase the order dimension of H,,. 
Also the order dimension of any locally countable partial order of size x is bounded 
above by that of H,. If «8° = «k, then H, itself has size x. 


Lemma 2.10. Let k be any infinite cardinal. If (P,~<) is any locally countable 
partial order with |P| = «, then the order dimension of (P,~<) is at most that of 
Hp. If n° = k, then Hy has the largest order dimension among all locally countable 
partial orders of size k. 


Proof. Let (P,~<) be any locally countable partial order with |P| = «x. Let 0 be 
the order dimension of H,. It is easy to see that 0 must be an infinite cardinal 
because « is infinite. By Lemma 2.9] x(0, K) fails, and so by Lemma [2.8] the order 
dimension of (P, <} is at most 0. The second statement follows from the first and 
the fact that if «8° = «, then H, is a locally countable partial order of size k. 


Corollary 2.11. Among all locally countable partial orders of size c, the Turing 
degrees have the largest order dimension. Furthermore, dimrp is equal to the order 
dimension of H., which is the least cardinal 0 for which x(0,c) fails. 


Proof. By Theorem [2.2]and Lemma 
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3. SMALL ORDER DIMENSION AND MA 


Definition 3.1. Call a family F of subsets of k (Nı,2)-separating, if for every 
X € [k] anda E€ xr\X, there exists A € F such that XN A =Q anda E€ A. 


The following fact was shown in [7]. Indeed it is a simple consequence of Lemma 
It was also proved in [7] that if x and À are cardinals with w < cf(k) < k <A, 
and if there is an almost disjoint family of subsets of « having size A, then there 
is an (Nj, 2)-separating family of subsets of À of size «. It is clear that separating 
countable sets from points using subsets is harder to do than separating countable 
sets from points using linear orders. In other words, if there is an (N1, 2)-separating 
family of subsets of A of size «x, then *(K, A) fails. 


Fact 3.2. Suppose (P, <) is any locally countable partial order. Let k and X be 
infinite cardinals. If |P| = k and if there is an (%1,2)-separating family F of 
subsets of k with |F| = A, then the order dimension of (P, <) is at most À. 


The following claim shows that consistently, continuum can be arbitrarily large 
while dimy = Nj. 


Claim 3.3. Suppose V = GCH and k is regular uncountable. Let P = Add(w, K) 
be the forcing for adding wı subsets of k with countable conditions. Let Q = Cohen, . 
Then after forcing with P x Q, all cofinalities are preserved, c = k and dimr = N1. 


Proof of Claim|3.5 Note that P is countably closed and satisfies the N2-cc. Also 
Q is cce (in V"), so all cofinalities are preserved. For i < w1, let A; = {a < 
k : (Sp € Gp)(p(i,a) = 1)}. Then, by an easy density argument, the family 
A = {A; : i < w 1} is an (N1, 2)-separating family of subsets of x in VP. Since Q 
is ccc, A remains (N4, 2)-separating in VP*®. Since VPX® H ¢ = «k, by Fact |3.2| it 
follows that the order dimension of Turing degrees is N; in this model. 


The next claim says that Martin’s axiom (MA) does not increase dimr. 


Claim 3.4. Suppose V = GCH and k > Xo is regular. Let P = Add(w,,). Then, 
in V”, there is a ccc forcing Q such that V"*® satisfies MA, c = k and dimp = N1. 


Proof. Note that V? = K<" = « and odim(H,,) = Nı. So, in V®, let Q be the 
standard ccc poset for forcing MA and ¢ = x. 


4. SATURATED IDEALS AND ORDER DIMENSION 


This section shows that the existence of certain types of highly saturated ideals 
on the continuum implies that dimy = c. Furthermore, starting with a measurable 
cardinal, we construct some models where such ideals exist. 


Definition 4.1. Suppose k is regular uncountable and T is a normal ideal on k. 
We say that T is supersaturated if for every A C I*, if |A| < K, then there exists 
X € [k]®° such that for every AC A, XNAFO. 


Note that if Z is supersaturated, then it is also N,-saturated which means that 
every disjoint subfamily of Z* is countable. It follows that if there is a supersatu- 
rated ideal on «, then either k < ¢ or & is a measurable cardinal. 


Lemma 4.2. Suppose k is regular uncountable and there is a supersaturated ideal 
on Kk. Then for every 0 < Kk, x(0, K) holds. 
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Proof. Let T be a supersaturated ideal on « and 0 < K. Let {<;: i < 0} be a family 
of linear orders on k. We’ll construct A € [k]? and a € « \ A such that for every 
i < 0, some member of A is <;-above a. For each i < 0, let Ri ={a<K:{B<K: 
Bia} eT}. Let P= {i <6: Ri € I+}. Choose Ao € [kK]? such that Ag N R; is 
infinite for each i € I. Let W =k \ Ujer{B < « : (da € Ao N Ri)(B 2; a)}. Note 
that x \ W €Z. Choose a € W \ Ujeo\r Ri. Choose Ai € [K]? such that it meets 
{8 < k: B >; a} at an infinite set for every i € 0 \T. Then A = (Ap U A1) \ {a}, 
q@ are as required. 


—. 


Corollary 4.3. Suppose that there is supersaturated ideal on c. Then dimp = c. 


Proof. By Lemma|4.2} the order dimension of He is c. By Theorem [2.2] H. embeds 
into the Turing degrees. Hence the order dimension of Turing degrees is also c. 


In the remainder of this section, we produce some models in which there is a 
supersaturated ideal on c. 


Theorem 4.4. Suppose k is measurable and let T be a normal ideal on k. Let 
P € {Cohen,,Random,}. Let J be the ideal generated by T in VP. Then the 
following hold in V® 

(1) c=k. 

(2) J is a supersaturated ideal on «K. 
Proof. Fix a witnessing normal measure m : P(k) > 2 such that T = {X Cr: 
m(X) = O}. First suppose P = Cohen, = C. We think of C as the complete 
Boolean algebra of Baire subsets of 2“ modulo the meager ideal on 2". In V[Gc], 
let J be the ideal generated by Z. It is easy to check that J is a normal ideal on 
k. To show that J is supersaturated, it suffices to prove the following. 


Claim 4.5. Suppose p € C, 0 < k and A; € VEN P(k) fori < 0 are such that 
pl- A; € J* for every i < 0. Then there exists X € [K]? such that p I- (Vi < 
OAN X #0). 


Proof. Without loss of generality, p = lc. Let pig = [[a € Aille. Note that for 
every X C q, if m(X) = 1, then Uac x Pia = 1c since otherwise, the complement 
of Unex Pi,a Will force that A; € J. Choose X C « such that m(X) = 1 and 
for every a € X andi < 0, pig # Oc. Let supp(pia) = Sia € [k]. Using the 
normality of Z, for each i < 0, choose Y; C X such that m(Y;) = 1 and for every 
aß €Y; 

e Sia and S; g have the same order type, 

e Sia Na = W; does not depend on a and 

o (2542, Pia) S (2958, pig) which means that the unique order preserving 

bijection from Si a to Si g sends pj, to pi, g. 
For i < 0 anda € Y;, put 


Big = {x € 2™ : {y | (K \ Wi): Y € Pia Ay | Wi = £} is meager} 

Note that Bia = B; does not depend on a € Y;. Also, B; is meager in Wi, 
otherwise U aey; Pia would not be open dense in 2%. 

Let Y =), 29 Yi. Choose X € [Y]*° such that for every i < 9, {Si,a\Wi: ae X} 

has pairwise disjoint members. It follows that for every i < 0, U,ex Pi,a is open 

dense in 2". Hence lkg (Vi < 0)(X N Å; #0). 
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Next suppose P = Random, = B. B is the measure algebra on 2” and p is the 
corresponding product measure. In V[Gg], define mı : P(«) — [0,1] by 


ulla € Ålen a) 
ulaq) 


It is well known that m, is a K-additive atomless probability measure in V [Gg] 
whose null ideal 7 is the ideal generated by Z (See [12]). To show that J is 
supersaturated, it suffices to prove the following. 


dm 


m,(A) = sup int f 


pEGg ISP 


Claim 4.6. Suppose € > 0, 0 < k, p € B and A; € VB A P(K) fori < 0 are 
such that p IF mı(Å;) > € for every i < 0. Then there exists A € [K]8° such that 
pik (Vi < AV(A;N A #0). 


Without loss of generality, p = 1g. Let Pia = [la € Ai]]s. 


Subclaim 4.7. For every i < 0 there exists X; C k such that m(X;) = 1 and for 
every q € B, a € Xj, 


j L(Pi,a Nq) 
S ula) = 


Proof. Suppose not and fix i < 6, q E€ B and X C « such that m(X) = 1 and for 
every a€ X, 


U(Pia Nq) 
ula) 


Since IF m,(A;) > £, using the definition of m,, we can find a maximal antichain 
{qn : n < w} below q such that for every n < w, 


/ HDi, N dn) arn Se 
x Mn) 


Since {qn : n < w} is a partition of q, for each a € X, we can find ng < w such 
that “(pia N qna) < €U(dn,,). Choose Y C X such that m(Y) = 1 and ng = n, 
does not depend on a € Y. But this implies that 


7 L(Di,a An, ) 
Ko Hlan) 


LE 


dm < € 


which is impossible. 


Fix X; as in Subclaim [4.7] Let supp(Pi a) = Sia € [K]*°. Since m is normal, for 
each i < 0, we can choose Y; C X; such that m(Y;) = 1 and for every a, 8 € Y;, 
e Sia and S; g are order isomorphic, 
e Sia Na = W; does not depend on a and 
e (255a, Pia) S (292, pig) which means that the unique order preserving 
bijection from Si a to Si, g sends Pia to pi g. 
For i < 0 and a € Y;, put 


Bi a = {x € 2” : paw, (y | (K \ Wi) Y € Pia Ay | Wi = £}) < €/2} 
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Note that Bi. = B; does not depend on a € Y;. Also pw,(B;) = 0 since other- 
wise, by Fubini’s theorem, q = {a € 2": x | W; € Bi} would violate (x). 


Let Y = (),<9 Yi. Choose X € [Y]®° such that for every i < 6, (Sia : a € X) 
forms a A-system with root W;. To complete the proof of Claim [4.6} it suffices to 
show the following. 


Claim 4.8. For every i < 6, u(Uaex Pia) = 1. 
Proof. Since ww, (Bi) = 0 and (Si a \ W; : a € X) is a sequence of pairwise disjoint 
sets, it follows that for every x € 2™ \ B;, 


{y l (K\Wi): ye 2" ^y T W; = xA (Va € X)(y É pia)} 
is null in 2"\“, So by Fubini’s theorem, u({y € 2” : (da € X)(y € Pia)}) = 


1. 


This completes the proof of Claim [4.6] and Theorem |4.4 


We can generalize the proof of the P = Cohen, case in Theorem [4.4] to a finite 
support iteration of small ccc forcings as follows. 


Theorem 4.9. Suppose T is a normal supersaturated ideal on x. Let (P;,Q; :i < r) 
be a finite support iteration with limit P where Q; is a ccc poset in V™ and |P;| < «K 
for everyi < K. Let J be the ideal generated by T in VP. Then J is a supersaturated 
ideal on K. 


Proof. Since P is ccc and Z is normal, J is a normal ideal on «x. Suppose 0 < « and 
p |kp Å; € J* for every i < 0. Without loss of generality, p is the empty condition. 
Let P; œ be a (possibly empty) maximal family of pairwise incompatible conditions 
in P each of which forces that a € A;. Let T; = {a < K : P; a #9}. Then T; € Zt. 
For each a € T;, choose Si a € [«]*° such that for every p € Pia, dom(p) © Si a- 


Claim 4.10. For each i < 0, we can find F; C T+ and ((6i,y,Wi,y) : Y € Fi) such 
that the following hold. 
(1) Fi is a countable family of pairwise disjoint sets and T; \\U F; € T. 
(2) For each Y € F;, 
(a) ĉi y <k and Wiy € Pel, 
(b) for everya EY, SiaNaC dj.y and 
(c) for everya E Y, {pf diy : p € Pia} C Wiy. 


Proof. It is enough to show that for every T C T;, T € Z*, there exists Y C T, 
Y € Z* such that there are 6;,y and W; y € [Ps5,,]*° such that Clauses 2(a)-(c) 
above hold. For then we can take F; to be a maximal disjoint family of such Y’s. 
Suppose T C T; and T € T+. Since Z is an Ny-saturated normal ideal on «, it 
concentrates on the set of weakly inaccessible cardinals below «x. So we can assume 
that every a € T is weakly inaccessible. As the map a > sup(Si,a N a) is regressive 
on T, we can choose Yı C T on which it is constant say ô < Kk. We need the 
following. 


Subclaim 4.11. Suppose y < k and f : «> [y|S%°. Then, there exists W € [K]®o 
such that {a < K: f(a) ZW} eT. 
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Proof. Towards a contradiction, fix y < « least such that there exists f : « > [y] S° 
such that for every W € [k], {a < x: f(a) EW} ETF. 

We claim that cf(y) > Nı. Suppose not and let {ọn : n < w} be increasing 
cofinal in y. Let fn : & + [mn] be defined by fanla) = f(a) N Yn. Note that 
fla) = Unew fala). Since y, < 7, we can find W, € [yn] such that {a < 
k : fala) Z Wn} E T. Let W = Uncu Wn. Then {a < «: f(a) E W} € T: 
Contradiction. So cf(y) > N4. 

Since Z is Nj-saturated, we can choose a countable family F C Z* of pairwise 
disjoint sets such that « \ UF € Z and for every Z € F, there exists yz < y such 
that for every a € Z, sup(f(a)) < yz. For each Z € F, define gz : k > [yz]<*° by 
gz(a) = f(a) N yz. As yz < y, we can find Wz € [k]® such that {a < « : gz(a) £ 
Wz} €T. Put W = Uzes Wz. Then {a < «K : f(a) É W} € Z: Contradiction. 


n<w 


Since |Ps| < x, using Subclaim|4.11} we can find Y C Y1, Y € Z* and W € [P]? 
such that for every a € Y, {p | ô : p € Pia} CW. Put ĝĉiy = ô and W = Wi y. 
This completes the proof of Claim 


Fix F; and {(ő&; y, Wi y): Y € F;} as in Claim [4.10] Fix Y € F;. For a € Y, let 
Bia = {p | iy : p € Pia}. For each q € W; y, let Xi yq = {a E Y : q € Bia}. 
Let Wiy = {q € Wi y : Xiyq € I+} and Y’= {a E Y : Bia C Wy}. Note that 
Y\Y'eZ. 


Claim 4.12. W = U{W; y : Y € Fi} is predense in P. 


Proof. Suppose not and fix q € P incompatible with every member of W. We claim 
that for every Y € F; and a € Y’, qF a ¢ Ae. To see this, note that By C Wiy 
and q is incompatible with every member of Wi y so that it is also incompatible 
with every member of P; a. But this means that q forces that Ain ULY’: Y € Fi} 
is empty and hence q IF A; € J which is impossible. 


Claim 4.13. There exists X € |k] such that for every i < 0, Y € Fi and 
qE W; y, there exists Xq € [XJ such that Xa C Xiyg and {Sia \ div : a E€ Xq} 
consists of pairwise disjoint sets. 


Proof. Note that A = {Xiyq:i < 0,Y € Fi,g E Wiy} E T* has size < |0]. 
Construct an increasing sequence (Xp : k < w) of members of [«]*° as follows. 
Since Z is supersaturated, we can find Xo € [«]*° that meets every member of A. 
Suppose Xx for k < n has been defined. For each i < 0, Y € F; and q E€ W} y, put 
Xiyq = {a € Xi yq : (VB E Xn) (Si aN Sig C diy )}- Note that [Xi Y,a \ X yql <K 
so that each XP, € It. Put An = {XPy,:1 < 0,Y € Fi,g € Wiy}. Choose 
Xn41 € [k] such that Xn C Xn+ı and Xn+ı meets every member of An. It is 
clear that X = U,<,, Xk is as required. 


We claim that for every i < 0, Uvex Pia is predense in P. Fix i < 0 and p € P. 
By Claim we can find Y € F; and q E€ W; y such that p,q are compatible. 
Choose X4 € [X]®° as in Claim [4.13] Since {Sia \ diy : a € Xq} has pairwise 
disjoint members, we can find a € X, such that dom(p) N Sia C d:y. Since 
Xa C Xiyq, we can find r € Pia such that r | iy = q. It follows that q,r are 
compatible. Hence the empty condition forces that X meets A; for every i < 0. 
This completes the proof of Theorem |4.9 
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Corollary 4.14. Suppose « is measurable. There exists a ccc forcing P such that 
in V®, Martin’s axiom holds and dimp = ¢ = k. 


Proof. Take P to be the usual finite support iteration of ccc forcings for forcing MA 
and ¢ = « and apply Theorem [4.9] and Corollary [4.3] 


It is natural to ask if every Nj-saturated normal ideal Z on & must necessarily 
be supersaturated. In the case where « is real valued measurable and Z is the null 
ideal of a witnessing normal measure on «, this is Problem EG(h) in Fremlin’s list 


5. 


Question 4.15. || Suppose T is an Ñı-saturated normal ideal on k. Must T be 
supersaturated? 


5. A CLOSER LOOK 


One of the goals of this section is to show, for example, that each of the following 
is consistent. 
(1) Ni < dimp <c. 
(2) dimp = c = No,- 
(3) dimp = ¢ = Nua. 
Another goal is to show that separating countable sets from points using linear 
orders really is easier than separating countable sets from points using functions. 
We begin by showing that the least size of an (Ni, 2)-separating family of subsets 
of c could be strictly larger than odim(H,). 
A family F C P(x) is called a weak P-family if for every countable B C F and 
E' € F \ B, there exists a finite set F C « so that 


VEE B[IENFAZE'NF). 


When a weak P-family F C P(x) is viewed as a subspace of 2", F has the property 
that all of its countable subsets are relatively closed in F. Thus, every member of 
F is a weak P-point in F. This notion has been extensively studied by topologists 
(see, for example, [10]). In [7], it was proved that for any uncountable cardinal 
0, the minimal size of an (N1,2)-separating family of subsets of @ is equal to the 
minimal \ for which there is a weak P-family F C P(A) with |F| > 0. It was also 
shown in [7] that when c < N2, there is a weak P-family F C P(N1) with |F| = c. 
In May 2018, Kunen suggested to the second author in a conversation that there 
ought to be no weak P-families of size c in P(N) after adding Na Cohen reals to a 
model of GCH. Our next lemma verifies Kunen’s remark. 


Lemma 5.1. Suppose Xo < 0, k = (2°)*+ and P = Cohen,. Then, in V", there is 
no (N1, 2)-separating family of subsets of k of size 8. 

Proof. Suppose not. In V", fix an (N1, 2)-separating family (A; : i < 8) of subsets 
of k. Without loss of generality, assume that the empty condition forces this. We’ll 
find X € [k]" and a € («\ X) such that Ikp (Vi < 0)(a ¢ A; V XNA; £ 0). 
Recall that the non-stationary ideal on & is k-complete as « is regular uncountable. 
Let T = {a < &: cf(a) > OT}. T is stationary, and for each a € T, let Ga = 
{i <0:3pEeP [p lFp œ € Aj k Since 2° < «, there is a stationary subset T’ C T 
and a set G C @ such that G = Ga, for every a € T’. For each a € T’ and 


lThe answer is negative. 
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i € G, choose a sequence (Paim : M < w) with the property that for each m < w, 
Pa,i,mlFpa € Åi, and for any p € P, if plkpa € Ai, then for some m < w, p LpPa,i,m- 
For a € T', define Sa = U{dom(paim) : i E G and m < w}. Note that |Sa| < 0. 
Since T” is a stationary set consisting of ordinals of cofinality greater than 0, and 
since 2° < x, there is a stationary set Æ C T’ satisfying the following: 

e there is an S C « such that for each a € E, S = Sa N Q; 

e for any a, 6 € E, if a < 8, then Sa C 8, which implies that (Sa \ S) AQ 


(Sp \ 9) = 0; 
e there exists a sequence (Pim : i E GAm < w) of conditions in Fn(S,2) so 
that 


Va € E Vi € GYm < w [Pa im |S = Dim] - 


Consider any X € [E]*° and a € (E \ X). Suppose for a contradiction that there is 
p €P and ¿į < 0 so that pl-p a € Ån XNA; = 0. By definition, i € G. Fix m < w 
and q € P, so that q < p, Pa,i,m. Choose any 6 € X with dom(q)N(Sg \ S) = 0. Note 
that q | S < pajm |S = Pim = P8,i,m | S. Since dom(q) N dom(pg,i,m) C S, there 
is r < q, P8, i,m- However this means that rlrp 6 € Åi, contradicting pl- XN Å; =0, 
and finishing the proof. 


Thus if we start with a model of GCH and add N3 Cohen reals, then there are no 
(N1, 2)-separating families of subsets of Na having size Nı. As a consequence, there 
are no weak P-families F C P(N1) of size c. A result from [7] says that if « is any 
cardinal with cf(x) >w, then there is an (N4, 2)-separating family of subsets of K+ 
of size x. In particular, there is always an (Nj, 2)-separating family of subsets of Na 
of size Nə. On the other hand, it is a consequence of a theorem of Kierstead and 
Milner that there is a family of Nı many linear orders on N3 separating countable 
sets from points in the model obtained by adding Na Cohen reals to a model of 
GCH. The following lemma follows from Theorem 1.2 in [8]. 


Lemma 5.2. Suppose 68° = 0 and k = D2(0). Then odim(H,) < 0. If 2<° = 9, 
then odim(H,,) = 0. 


Assuming GCH in V, Lemmaf5.2] implies that odim(Hx, ) = N; in V. So there is 
a family (<; : i € N1) of linear orders on Ng separating points from countable sets 
in V. If P = Coheny, and if B is any countable subset of Ng in V?” and a € N3 \ B, 
then there is a countable set A in V with B C A C N3 \ {a} because P is proper. 
Now there is an į € 0 so that <; puts a above every element of A, and hence 
above every element of B. Thus (<; : i € N1) still separates points from countable 
subsets of Xa in VP. Therefore after adding Ng Cohen reals to a model of GCH, we 
find that separating points from countable sets using linear orders on Na becomes 
provably easier than separating them using subsets of 83. Moreover by Lemma{2.8} 
odim(H x, ) = N1, even though there are no (Nj, 2)-separating families on Ns of size 
Ni. 

Lemma [5.1] should be compared to the classical result of Baumgartner [2] (see 
also Exercise B4 in Chapter VIII of Kunen [9]) saying that after adding Ng Cohen 
reals to a model of GCH, there are no almost disjoint families of subsets of Ni 
having size X3. By Lemma 3.7 of [7], if there is an almost disjoint family of subsets 
of Nı of size N3, then there is an (N1, 2)-separating family of subsets of N3 of size 
Nı. Therefore Lemma [5.1] implies Baumgartner’s Theorem about almost disjoint 
families. Baumgartner used a partition relation of Erdős and Rado to prove his 
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result. It is noteworthy that partition calculus is not directly involved in the proof 
of Lemma Nevertheless, we do not know if Baumgartner’s result is strictly 
weaker than Lemma|5.1| So we propose the following question. 


Question 5.3. Is it consistent with ZFC that c = X3 and there is no almost disjoint 
family of subsets of Xı of size Xg, but there is an (N1, 2)-separating family of subsets 
of Xa of size N1? 


The following theorem shows that certain lower bounds on odim(H,,) are pre- 
served after adding k random/Cohen reals. Note that Lemma5.2] and the remarks 
following it imply that (42(@))* cannot be replaced with 2(@) in the statement 
of Theorem [5.4] The proof of Theorem [5.4] makes use of a standard “double-delta 
system” argument. Such double-delta system arguments were used extensively by 
Todorcevic in to obtain results on partition calculus. 


Theorem 5.4. Suppose Xo < 0, k = (22(0))* and P € {Cohen,,, Randoms}. Then 
V? satisfies x(0, K). Hence V? = odim(H,,) > 07. 


Proof. We first give the proof for P = Random, and then comment on how to mod- 
ify it to deal with the Cohen case. Let {<;: i < 0} be a family of linear orders on « 
in V”. For i < ĝ anda < < «, let pio,g = [[a <i lle and Pias = [[8 <i allp. So 
Pia B and Pia g are disjoint Baire subsets of 2" and their union has measure one. 
Let Si ag € [k]? contain their common support. 


Let Yia8 = OtpP(Si a8) and hiag : Yi,a,6 —> Sia g be the unique order isomor- 
phism. For r € Random}, a ,, let ri,a,g € Random, be obtained by applying the iso- 


dy € r)(yohza g == Ù Sia,p)}- 


— 


morphism induced by hi a, — 50 Tia g = {2 E€ 2": 


Let F = {gi 0; 9i 1, fiy : i< 0, y < wi} where gio, gi and fiy are defined as 
follows. 
(i) gio : [k]? > w and for every a < 8 < k, gio({a, B}) = Yi,0,8- 
(ii) gia : [k]? —> Random., and for every a < 8 < k, giol{a, 8}) = r where 
Ti,a,B = Pi,a,B- 
(iii) fiy : [K]? + « and for every a < £ < n, fin ({a, B}) = hiag (Y) EY < Yi,a,g 
and 0 otherwise. 


Suppose f : [k]? + « and Y C k. We say that f is canonical on Y if for 


some A, C 2, for every ao < a; and bo < bı in Y, f({ao,a1}) = f({80, 61}) iff 
(vk € Af) (ak = br). Erdős and Rado [4] showed that functions from [w]” to w can 
be canonized on some infinite subset of w, for all n < w. We would like to canonize 
all of the functions in the family F defined above on a sufficiently large subset of «x. 
The fact that this can be done follows from Theorem 1 in Baumgartner [I], and the 
reason for taking k = (2(@))* is precisely so that this theorem of Baumgartner 
is applicable. Much more general canonization theorems are derivable from the 
partition relations for partial orders established in Todorcevic [13]. 


Fact 5.5 (Baumgartner [I]). Suppose A < u and p = (2<")*. Suppose F is a 
family of functions from |p]? to p such that |F| < A. Then there exists Y € [p|# 
such that for every f E€ F, f is canonical on Y. 


Using Fact [5.5] with u = (29)+ and À = 9, choose Y € [k]”)* such that for every 
f € F, f is canonical on Y. For i < 0 and k < 2, let Aj; C 2 witness that g;, is 
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canonical on Y. Since |range(gi,,)| < 2°, it follows that A; x =@ and gix | [Y]? is 


constant. It follows that for each i < 0, we can find f < wi and rê € Random,: 
such that for every a < 6 in Y, otp(Sia,a) = %4 and ri a g = Di,a,p- 

For i < 0, let Rip = {y < 7% : 1 € Aig} and Rig, = {Y < 7 : 0 ¢ Ai,y} where 
A; y C 2 witnesses that fi is canonical on Y. 
Lemma 5.6. For every a < bı < b2 in Y andy < o4, y € Rip if hiap (9) = 
Ric, (7). 
Proof. Should be clear using 1 ¢ A;,¥. 


Similarly, using 0 ¢ A;_, we get the following. 


Lemma 5.7. For every bı < b2 <a inY andy <3, y © Ron if higi aly) = 
hi bz,a (9). 
Together, they imply that for every i < 0 the following hold. 

(a) hias | Rip = hi,a,up does not depend on £ in Y above a. 

(b) higa | Rjown = hi,a,down does not depend on £ in Y below a. 
(c) For every y € y% \ Rip 8 hi,a,a(7) is injective w.r.t. 8 in Y above a. 

(d) For every y € y% \ Riowns 8 +> hi,s,0(7) is injective w.r.t. 8 in Y below a. 
Lemma 5.8. For every y € RipN Rhown and B < a < Ô in Z, hia, (Y) = hi,6,a(7). 
Hence hi aup and hi a down agree on Rup N Räown for every a in Z. Hence for every 
TE Random}; , if T is supported in Rup N Reown> then Ti sa = Tiag- 


Proof. Since y € Rip hi Baly) = hig (y). Since y € Riown: hig, al) = hias). 
Hence hi as (Y) = hi b,a (9). 
Lemma 5.9. There exist A,B,a such that A,B € [Y], ac Y, A<a<B such 
that for every i < 0 

(i) {Si 5a : 8 E€ A} is a A-system with root hi œ downl Rhown] and 

(ii) {Sias : B € B} is a A-system with root hi a uplRipl- 


Proof. Choose a € Y such that |Y N a|, |Y \ a| > 2°. Let A; € [Y N a]® and 
B, € [Y \ (a +1)]®". We'll find A € [A]? and B € [B,]®° such that (i) and (ii) 
hold. 

Let T = {i < 0: yf \ Rfown # O}. IET = 0, then (i) is trivial since any A € [A]? 
satisfies it. So assume I 4 Ø. Let S = {Sisa : i < 0,8 € Ai}. Note that | S| = 0+ 
because [ # Ø. Let {ag : € < t} be a one-one listing of S. Inductively choose 
{őn : n < w} C A; as follows. 69 € A, is arbitrary. Having chosen ôn, let én < 0™ be 
large enough so that for every € > n, ae € Ujeg hi,ðna l4]. We claim that there 
is some 6,41 € A; such that for every € < 67, if ag € User Ri,snq1,a 0% \ Rhown!> 
then € > ĉn. Suppose there is no such 6n41 € Ai. Then since |Ai| = 0+, we can 
find i € T and y € 7% \ Riown Such that {6 € Ay : (IE < En) (hi,s.a(y) = aer)} 
has size 6+. But this is impossible because the map 6 ++ hi saly) is injective on 
Aj. It is easy to see that A = {8, : n < w} satisfies (i). The construction of B is 
similar. 


— 


Let A, B,a be as in Lemma [5.9] Towards a contradiction, fix p € P andi < 0 
such that p I- (V8 € AUB)(8 <; a). Recall that rê € Random,; satisfies: For every 


7 


Q1 < a2 in Y; Ti aiaz = Pigia = [lor <i a2])p- 
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Claim 5.10. 0 < p(r’) < 1. 


Proof. If not, then then the empty condition forces that a is <;-between y € A and 
6 € B: Contradiction. 


In the next lemma, for the definitions of Wt and W?, we follow the convention 


that (2°, uø) is the measure space with one point of measure one. For r C 2%, 
RC» and z € 2°, let 


T(r) ={y Py \RiyerAyl R=z} C28, 


Lemma 5.11. Let W! = {y € QM: : Hyi\ri (Tyrri (7*)) = 1} and W? = {y € 


‘down down 
2% : piyi Ri, (Tyri, (7*)) =O}. Then the following hold. 
(a) For every ô € A, p< Wisa 
(b) For every BEB, p< Wop: 


Proof. Note that W', W? are Baire by Fubini’s theorem. 


(C) < 
1 — a for some a > 0. Let Ak ERO He sees Then Zx E 2Scx,down where Sandown = 
hi æ,down [Roown!: Define 


Pz, = {x e2" : (Az’ € p)(a" t Sa down = 2, NT t (k \ Sa,down) = at t (k \ Sadana) } 


We claim that pz, is null. Since C is supported in 7% \ Rigyn, the family 
{Cisa : 6 € A} consists of sets with pairwise disjoint supports and each C;,5, has 
measure < 1 — a. It follows that this family has null intersection. Since p < rj sa 


for every ô € A, pz, < Cio for every 6 € A. Hence p,, is null. It follows that 
p< Wisa for every ô € A. 


(a) Suppose y € 2% \ W1. Put z = y | Ri,,,, and C =7.(r'). So Hyi\ Ri 


“down 


(b) Let y € 27; \W?. Put z = y | Ri, and C = 2,(r*). Then Hyi\ri (C) >a 
for some a > 0. Let z% = zo haug Then z, € 25a where Soup = hia upl Ri 
Define 


Pzr; = {z E2": (Ae € p)(a" į Saup =2z,Az / (K \ Soup) =r j (s \ Saup) )} 


We claim that pz, is null. Since C is supported in 7 \ Rip, the family {Ci,a,¢ : 
B € B} consists of sets with pairwise disjoint supports and each C;,.,3 has measure 
>a. It follows that the union of this family has full measure. Since p L Ti a, B 
for every 8 € B, pz, L Cia, for every 8 € B. Hence p,, is null. It follows that 


ps Wag for every 6 € B. 


pl: 


Let W = W! n W?. W is null because Wt < rê while W? L r*. Put 
A = Rip N Rion: Let T! = {x € 2% : (dy € W')\(2 [| A = y |Ì A)} and 
T? = {x € 2% : (Jy € W?)\(a4 | A =y | A)}. So TÍ is the projection of WÍ on 
A. Since the supports of Wt, W? are disjoint outside A, Tt N T? must also be 
null. Since T1, Tọ are supported in A, by Lemma [5.8] for every 8 € B and ô € A, 
Hag and T25 a = T?a g: But both of these contain the projection of p on 
Ri,aup[A] = hi,a down [A] which is non null: Contradiction. 


The proof for the Cohen case is similar. We just replace “null” by “meager” and 
“measure one” by “comeager” everywhere. For example, in the proof of Lemma 
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the family {Cj,5,. : 6 € A} has meager intersection because the sets in this 
family have pairwise disjoint supports and each C;,5,a is not comeager. This com- 
pletes the proof of Theorem |5.4 


Corollary 5.12. Suppose V = GCH. Then after adding Xu, Cohen/random reals, 
dmr = c = Roui: 


Corollary 5.13. Suppose V = GCH. Then after adding Xg Cohen/random reals, 
N7 = dimp < c = Ng. 


Proof. By Theorem odim(H.) > Xy in this model. By Lemma and the 
fact that this forcing is ccc, odim(H,) < Ny. Finally, by Corollary |2.11) dimy = 


odim(H,) = Nz. 


The next corollary illustrates that using a preparatory forcing, we can get large 
gaps between dimy and c. 


Corollary 5.14. Suppose V = GCH. Let P = Add(ws,wo) be the forcing for 
adding a subset of w9 with conditions of size < Ns. In V®, let Q be the forcing for 
adding Xg Cohen/random reals. Then y= = dimp = N4 < c= No. 


Proof. Note that forcing with P x Q preserves all cofinalities and V’*2 = ¢ = No. 
Since in VP, (N4)8° = Ny and Ng = 2s = D3(N4), by Lemma |5.2| we get VP & 
odim(Hu,) < Na. Since V? H To(N3) = Ns < No, by Theorem|5.4] V?*2 & (X3)+ 

Ny < odim(HL,, ). The result follows. 


Lemma 5.15. Suppose k is a cardinal of uncountable cofinality. Then the order 
dimension of H, cannot have cofinality Xo. 


Proof. Suppose not. Let 0 < « be a cardinal of cofinality No such that odim(H,,) = 
0. Using Lemma [2.9] fix a family {<;: i < 0} of linear orders on « such that for 
every countable X € [k]? and a € K\ X, there exists i < 0 such that a is <j;-above 
every member of X. 

Choose {0n : n < w} increasing cofinal in 6. Call a < « n-good if there exists 
X € [k] such that for every i < n, some member of X is <;-above a. 


Claim 5.16. Forn <w, put Bn = {a < K: a is not n-good}. Then |B,| < kK. 


Proof. Suppose not and fix n < w such that |B,| = «. Then, by Lemma [.9} 
{<il Bn : i < On} witnesses that the order dimension of Hs, = H, is at most 


n+ 


Since cf(k) > No, we can find a € &\ Unc, Bn. Let Xn € [k]? witness the 
n-goodness of a. Put X =U Xn. Then for every i < 0, some member of X is 
<;-above a: Contradiction. 


n<w 


Corollary 5.17. Suppose V = GCH. Then after adding Xu Cohen/random reals, 
impr = ç= Nu+1: 


Proof. Use Theorem [5.4|and Lemma 


We can also have Nı < dimy and dimi =G 


Corollary 5.18. Suppose V = GCH. Then after adding Xu +2 Cohen/random reals, 
dmr = Rod <c= No2. 
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Proof. Since c = X41 is a successor of a cardinal of uncountable cofinality, by [7], 
dimy < Ny41. By Theorem [5.4] and Lemma 5.15] dimp > X41. 


We don’t know if we can have dims =c with c < Nu. For example, we can ask 
the following. 


Question 5.19. Can we have dimp = Na < c = N3? 


6. ON A QUESTION OF HIGUCHI, LEMPP, RAGHAVAN, AND STEPHAN 


Definition 6.1. Suppose F C |k]. Define Hr to be the partial order whose 
universe is KLIF with the order a < b iff eithera E€ kK, bE F anda€b ora,b E€ F 
anda Ç b. 


Recall that a poset is o-directed if every countable subset of the poset has an 
upper bound. Note that if F C [k]? is C-cofinal, then H is co-directed. 


Definition 6.2. For 0 < k and F C |k]™, define x(0,k,F) to be the following 
statement: For every family {<;: i < 0} of linear orders on k, there exist A € F 
and a E€ K \ A such that for every i < 0, some member of A is <; above a. 


The following analogue of Lemma [2.9]| characterizes odim(H £). 


Lemma 6.3. Let < be a partial order on Hr such that for everya Ek, BEF, 
a € B iffa < B and <n, extends <. Then the order dimension of < is equal to 
the least 0 for which x(0, x, F) fails. 


Proof. It is easy to check that if odim(HF) < 6, then *(9, x, F) fails. Next, assume 
x(0, K, F) fails and fix a family {<;: i < 0} of linear orders on «& witnessing this. 
We can assume that the well ordering and the reverse well ordering of « belong to 
this family. For each 7 < 0, define a partial order <; on «k U F as follows. 

(a) For every a, £ in k, a <; 8 if a <; b. 

(b) For every X € F and a € k \ X, a x; X iff (38 € X) (a <; 8). 

(c) For every X € F and a € K \ X, X xi aiff (Y8 € X)(8 <; a). 

(d) For every X,Y € F, X <, Y iff X <n, Y or (38 € Y)(Va € X) (a <; 8). 

It is easy to check that {<;: i < 0} is a family of partial orders on « U F such 

that each <; extends <q, and their intersection is <q,. Hence odim(H£) < 0. 


Assume ¢ > N1. Suppose H is a o-directed locally countable partial order of size 
continuum. Since ¢ > N1, by Fodor’s lemma, we can choose W = {p; : i < c} C H 
such that no two members of W are <p-comparable. Let F = {A € [c]*° : (ap € 
H)(A = {i : pi <u p})}. Then F C [d]? is C-cofinal. For each A € F, fix pa € H 
such that {i < c : pi <q pa} = A. Consider the map f : Hz — H defined by 
f(t) = pi for i < cand f(A) = pa for A € F. Note that f satisfies the following. 


(i) f(i) is <m-incomparable with f(j) for every i < j < c. 
(ii) i € A implies f(i) <q f(A). 

(iii) If f(A) <m f (B), then A C B. 

It follows that there is a partial order < on Hp such that <m, extends <, for 
every i < cand A€ F, i € Aiff i< Aand f is an embedding from (HF, <) to H. 
Hence odim(H) < odim(H). One way of getting a negative answer to Question [1.4] 
would be to show that for every C-cofinal F C [c]*°, odim(H-) = odim(H,). We 
don’t know if this is possible, so we ask the following. 


SEPARATING FAMILIES AND ORDER DIMENSION OF TURING DEGREES 19 


Question 6.4. Is it consistent to have a C-cofinal F C [>° for which Xy < 
odim(H +) < odim(H,)? Equivalently, is it consistent that for some C-cofinal F C 
[cq and 0 < c, x(0,c) holds and x(0,c, F) fails? 


Remark: If F C [«]®° is C-cofinal and for every X € [k], {AN X: AEF} is 
countable, then F is called a cofinal Kurepa family in [K]*°. If ¢ < Nu, then there 
is a cofinal Kurepa family F C [c]®° (see, for example, Todorcevic [15]). It follows 
that not even Hiwjxo embeds into H£. 

Nevertheless, the following results show that the answer to Question [1.4]is no. 


Definition 6.5. For 0 < Kk, {(0,«) is the following statement: For every family 
{<;:i < 0} of linear orders on K, there exist X € |k] and A € [K]®° such that for 
everyi<@ anda € X, there exists 8 € A such that a <; B. 


Lemma 6.6. Assume {(0,«). Let H be a o-directed locally countable partial order 
of size k. Then odim(H) > 0. 


Proof. Suppose not and let {<;: i < 0} be a family of linear orders on H witnessing 
odim(H) < 6. We can assume that H = (x, <). Choose X € [k]: and A € [k] 
such that for every i < 6 and a € X, there exists 8 € A such that a <; 8. Since 
every countable subset of H has a <-upper bound, we can find y < « such that for 
every 0 € A, B < y. Since H is locally countable, we can find a € X such that 
a £ y. Then for some i < 6, y <; a. But this this implies that every member of A 
is <,;-below a: Contradiction. 


Lemma 6.7. Suppose there is a supersaturated ideal on k. Then for every 0 < k, 
+(0,«) holds. 


Proof. Let T be a supersaturated ideal on K. Suppose 6 < « and {<;: i < 6} is 
a family of linear orders on «x. For each a < k, let Ria ={8< kK: a <; b} and 
Wi = {a < k : Ria E€ T}. Let T = {i < 0: Wi € T+}. Choose Ap € [k]? such that 
for every i € I, W; N Ao is infinite. Let Y = Ujepta < « : (38 € WiN Ao) (8 <: a)} 
and note that Y € Z. Choose X C K\(YUU,cor Wi) of size Ni. Choose Ay € [k]. 
such that for every i € 0\T anda € X, Ria NA; is infinite. Put A = Ao U Aı and 
note that for every œ € X and i < 0, Ria NA Z. 


em 


Corollary 6.8. Suppose there is a supersaturated ideal on c. Let H be a o-directed 
locally countable partial order of size c. Then odim(H) = c. 


Lemma 6.9. Suppose Xi < 6 and k = (22(8))*. Let P € {Cohen,, Random, }. 
Then +(0,«) holds in V®. 


Proof. Suppose {<;: i < 6} is a family of linear orders on « in VP. We start 
repeating the proof of Theorem|5.4| Note that, as 0t > No, in Lemma|5.9| we can 
choose AU X UB C Y such that A < X < B, A,B e [Y]**, X e [Y]® and for 
every a € X, clauses (i), (ii) hold for A, B,a. The rest of the argument given there 
implies that C = AU B and X are as required. 


Corollary 6.10. Suppose V = GCH. Let P € { Cohen,,, Random,,} and let H € V? 
be a locally countable co-directed partial order of size c. 
(i) If k = Ru, then V” —& odim(H) = c =X,,,- 
(ii) If k = Xu, then VP ER, < odim(H) < c = Xu41. 
(ii) Tf = Nio, then yP H= odim(H) = Ng <c= Nio- 


20 


KUMAR AND RAGHAVAN 


Proof. (i) and (ii) follow from Lemmas|6.6|and [6.9] For (iii), note that Lemmas [6.6] 
and [6.9] imply that odim(H) > Ng. For the reverse inequality, use Lemma and 


the fact that odim(H,,) = Ns in this model. 
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